We determine the retarded and advanced Green's functions and Hadamard parametrices in curved spacetimes for linearized massive and massless gauge bosons and linearized Einstein gravity with a cosmological constant in general linear covariant gauges. These vector and tensor parametrices contain additional singular terms compared with their Feynman/de Donder-gauge counterpart. We also give explicit recursion relations for the Hadamard coefficients, and indicate their generalization to n dimensions. Furthermore, we express the divergence and trace of the vector and tensor Green's functions in terms of derivatives of scalar and vector Green's functions, and show how these relations appear as Ward identities in the free quantum theory.
I. INTRODUCTION
A central notion in quantum field theory in a curved spacetime M is that of Hadamard states [1] [2] [3] . These are a class of quantum states which exhibit physically reasonable properties, e.g., finite expectation values and fluctuations of the stress tensor, and they can be characterized by their singularity structure. For instance, the Minkowski vacuum, thermal states in Minkowski space and the Bunch-Davies states for free fields in cosmological spacetimes are Hadamard states, as well as all states which are obtained by applying smeared field operators to those states.
The short distance behavior of any Hadamard state is described by a Hadamard parametrix H(x, x ′ ). This is a bi-solution of the corresponding field equation with a smooth source, which is defined locally and geometrically. That is, H(x, x ′ ) is defined for all x ′ in a convex normal neighborhood of x, and only depends on the geometry of M in this neighborhood. In particular, it does not describe the two-point function of any particular preferred state, but instead specifies the singular part that any such state must have. Hadamard parametrices are used to define renormalized composite operators using the point-splitting method [4] [5] [6] , which includes the renormalized stress tensor for scalars, spinors, vectors, gravitons and p-forms [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] , in particular its trace anomaly [6, 17, 18] , and the calculation of chiral anomalies [19] [20] [21] [22] . More generally, they play a crucial role in constructing the local and covariant time-ordered products on curved spacetimes [23] [24] [25] [26] , which form the basis of renormalized perturbation theory on arbitrary (globally hyperbolic) curved backgrounds.
However, so far the treatment of theories with local gauge symmetry, namely Yang-Mills theories and linearized Einstein gravity, has been mostly restricted to special gauges: Feynman gauge in the case of YangMills and de Donder gauge for linearized gravity. In these gauges, the equation of motion (EOM) is normally hyperbolic, i.e., the second derivatives only appear in form of the wave operator ∇ 2 ≡ g µν ∇ µ ∇ ν . On a globally hyperbolic Lorentzian manifold, normally hyperbolic operators have a well-posed Cauchy problem (see, e.g., Ref. [27] ), and consequently there exist unique retarded and advanced Green's functions and corresponding Hadamard parametrices. In more general gauges, the differential operators appearing in the EOM contain second derivatives other than ∇
2
, and are only Green hyperbolic [28, 29] . For Green hyperbolic operators, while uniqueness of Green's functions still holds, their existence is not guaranteed.
The main aim of the present article is to construct explicit Green's functions and the corresponding Hadamard parametrices in curved spacetimes for vector gauge bosons and linearized Einstein gravity with a cosmological constant in general linear covariant gauges. For the vector theory, there is a family of linear covariant gauges with parameter ξ ∈ R 1 , in which the differential operator appearing in the EOM reads
where we have included a mass term m 2 arising from spontaneous symmetry breaking. Because of the last term, this operator is not normally hyperbolic for general ξ, but only for ξ = 1 (the Feynman gauge). For linearized gravity, there is a two-parameter family of linear covariant gauges parametrized by ξ, ζ ∈ R with the corresponding operator P µνρσ ξ,ζ given in Eq. (38) . Again, this operator is not normally hyperbolic in general, and only in the gauge ξ = ζ = 1 (the de Donder gauge) the existence of Green's functions is guaranteed 2 . For practical calculations it is important to know the vector and tensor Green's functions and Hadamard parametrices with arbitrary ξ and ζ, since the calculations may considerably simplify in certain gauges. For example, in Landau gauge ξ → 0 (and ζ → ∞ for the tensor case) the divergence of the Green's function or Feynman propagator vanishes, and the gauge ξ → 0, ζ → n/2 (where n is the dimension of M ) presents advantages in AdS/CFT calculations [30] . Moreover, keeping the gauge parameters arbitrary serves as a consistency check of gauge-fixing independence in practical calculations, since all terms depending on ξ or ζ must cancel out in the final results for physical quantities.
Let us explain our general strategy by considering the massive Proca operator [31] 
which is a prototype of a Green hyperbolic operator, obtainable as the limit ξ → ∞ of Eq. (1) . It is known [28] that the (advanced or retarded) Green's function G 
Similarly, we can express the Green's function of P µν m 2 ,ξ in terms of the Green's functions G µρ ′ for ξ < ∞ admits a well-defined massless limit, and G 0,ξ µρ ′ can be expressed using mass derivatives of G m 2 at m = 0.
Once we have obtained an expression for the advanced or retarded Green's function, we construct the corresponding Hadamard parametrix. Let us start with the scalar case, and assume given a Hadamard state |ψ . Then the Wightman function
is a solution to P m 2 G + m 2 (x, x ′ ) = 0 with the KleinGordon operator
while the time-ordered Feynman propagator
is a solution to the inhomogeneous equation
√ −g, and where t = t(x) is any time function. From those, the retarded Green's function can be obtained via
Since |ψ is a Hadamard state, the Wightman function (4) in four dimensions locally takes the form [27, 32] 
where µ is a mass scale, the functions U m 2 , V m 2 and W m 2 are smooth symmetric biscalars, and the distributional limit ǫ → 0 + is understood. The symmetric biscalar σ(x, x ′ ) is Synge's world function [33] , equal to one half of the (signed) square of the geodesic distance between x and x ′ , which is well defined locally (i.e., when x ′ is in a normal geodesic neighborhood of x). It is easy to check
is normally hyperbolic, its tracereversed versionP
is, and one can reconstruct the Green's functions of P by purely algebraic means, see Eq. (41). 3 The prefactor for the Wightman function, the Feynman propagator and various other Green's functions is a matter of convention.
that the Feynman propagator (6) is given by expres-
using the well-known formulas (valid in the distributional limit ǫ → 0
ln(x + iǫ) = ln |x| + iπΘ(−x) , 
For massive scalars, one could choose µ to be equal to m, which however creates problems as m → 0 for the Hadamard parametrix.
In the vector case in Feynman gauge ξ = 1, the Hadamard parametrix is similarly given by [1] 
where the same remarks about the proper ǫ prescription apply. µρ ′ and G m 2 with m a mass parameter proportional to Λ, and we show that the limit m 2 → 0 (which corresponds to Λ = 0) exists. While for de Donder gauge the most singular term in the Hadamard parametrix is again proportional to σ −1 , for a general gauge it turns out to be proportional to σ −3 . The remainder of the article is organized as follows: in Sec. II we determine the advanced and retarded Green's functions for vector and tensor fields in general linear and covariant gauges, in Sec. III we show that certain divergence and trace identities which follow for the Green's functions can be obtained as Ward identities in the free quantum theory, and in Sec. IV we determine the corresponding Hadamard parametrices. We close in Sec. V with an outlook on future work, and, with a view on practical applications, also give expressions for the state-dependent W coefficients in Appendix B under the assumption that the Wightman functions or Feynman propagators in general linear and covariant gauges are determined in the same way as the Green's functions. We use the "+++" sign convention of Ref. [34] , and work in n ≥ 2 dimensions, except for the Hadamard expansion in Sec. IV where we restrict to four dimensions.
II. GREEN'S FUNCTIONS
Given a differential operator P , by definition advanced and retarded Green's functions G adv/ret
with the support properties
for any compactly supported test function f , where J
is the causal future (past) of a set S, and we set
. Given a Green's function, the solution of the inhomogeneous equation P φ = f with retarded or advanced boundary conditions is then given by the formula
Uniqueness of Green's functions with a specific boundary condition, thus, leads to unique solutions to the inhomogeneous equation under those boundary conditions. In particular, for vanishing source f = 0 we obtain φ = 0, which we will make use of in the following. In this section, we determine the advanced and retarded Green's functions of vector and tensor fields in general linear covariant gauges. Since the GreenâĂŹs functions that we obtain are expressed in terms of the scalar and vector Green's function and their mass derivatives, we begin with the massive Klein-Gordon operator. Our calculations are valid for either advanced or retarded boundary conditions, and for ease of notation we drop the superscript "adv/ret" in the remainder of the article.
A. Scalar field
Consider a massive scalar field with minimal curvature coupling. The differential operator appearing in its EOM is the Klein-Gordon operator P m 2 defined in Eq. (5) . As discussed in the introduction, P m 2 is a normally hyperbolic differential operator, and thus admits unique advanced and retarded Green's functions G m 2 (x, x ′ ) which satisfy
with the support properties discussed above. For later use, we will need mass derivatives of Green's functions, and we definê
(17) By differentiating Eq. (16) with respect to the mass, we obtain
and
B. Vector field
As explained in the introduction, the linearized YangMills equation is not normally hyperbolic. Here, we consider a (massive) vector field in a general linear covariant gauge, whose differential operator P µν m 2 ,ξ is given by Eq. (1), with ξ a gauge parameter. The choice ξ = 1 (Feynman gauge) eliminates the last term in Eq. (1) and P µν m 2 ,1 is a normally hyperbolic operator. The Green's functions that we want to determine satisfy
with the bitensor of parallel transport g µβ ′ , which for coinciding points reduces to the metric
Divergence identity for ξ = 1
To obtain the Green's function G
, we first need to determine an expression for the divergence of the Feynman gauge Green's function G
. We follow Ref. [1] and calculate
where the equality of the last line follows from the properties of the parallel propagator g µβ ′ [1, 33] .
According to the previous discussion, since P m 2 is normally hyperbolic the solution of this equation with either retarded or advanced boundary conditions is unique and thus vanishing, and we infer that
This relation is in fact necessary for the Ward identities to hold in the (free) quantum theory, which we explain in the framework of BRST quantization in Sec. III.
The massive vector Green's function for general ξ
In the general case, inspired from the known flat-space Green's function we consider the combinatioñ
with an unspecified functionG. A short calculation shows that
ifG fulfils 
One easily verifies that a solution of this equation is given byG
and we thus obtain
For the divergence of the general vector Green's function, we then calculate using the relation (23)
which reduces to relation (23) for ξ = 1. We see that the transversality of the Green's function in Landau gauge ξ = 0, which is known from the flat-space case, holds also in general spacetimes, i.e.,
The massless limit
In the limit m → 0, we have
and we obtain G 0,ξ
which also can be obtained from the direct solution of Eq. (27) using Eq. (18) for m 2 = 0.
C. Tensor field
Lastly we would like to determine the Green's functions for a symmetric second-rank tensor field (which we call graviton) subject to the linearized Einstein equation, which is the basic quantum field in perturbative quantum gravity around fixed backgrounds [35] [36] [37] . Since in two dimensions the integral of the Ricci scalar is a topological invariant, we restrict to n ≥ 3 dimensions.In this work, we consider background metrics g µν which satisfy Einstein's equation with a cosmological constant
which implies
where the last equation follows from the Bianchi identities. We stress that apart from this conditions, the Riemann tensor is unconstrained; in particular we are not restricting to de Sitter or anti-de Sitter spacetime where the Weyl tensor
We do not consider a mass term for the graviton. Writing the perturbed metric as background g µν plus perturbation κh µν with κ 2 = 16πG N , and expanding the Einstein-Hilbert action with cosmological constant to second order in h µν , we obtain the action
where h ≡ g µν h µν and ∇ µ is the covariant derivative operator with respect to the background metric g µν . To perform gauge fixing, we add to S (0) the action 
and the Green's function G
Similar to the vector field,
is not a normally hyperbolic operator for general values of ξ and ζ. However, even in the case ξ = ζ = 1 it is not normally hyperbolic since the coefficient of ∇ 2 is not the identity on symmetric rank-2 tensors, g
(the factor 1/2 is irrelevant). However, the trace-reversed op- 4 The generalization to other background fields, such as the inflaton in cosmological spacetimes, proceeds along the same lines.
is normally hyperbolic, and possesses unique retarded and advanced Green's functionsḠ
From those, one obtains the Green's functions of P by the same trace reversal, a purely algebraic operation:
and thus their existence (and uniqueness) is also guaranteed. In the literature, it is common to directly use the
However, in our case this does not lead to a simplification, and in particularP
is not the differential operator which one would obtain by replacing h µν byh µν in the action for ξ = ζ = 1.
Trace and divergence identities for
To construct the Green's function in the general case, we follow the same strategy as for the vector field. We thus first derive a relation between the divergence of the tensor Green's function and the gradient of vector and scalar ones. Let us introduce a mass parameter
Using that
we calculate from Eq. (39) that
(44) Since P m 2 is a normally hyperbolic operator, the solution of this equation with retarded or advanced boundary conditions is again unique and we infer the trace identity [38] 
Using this identity, it follows that
and we calculate
Since P m 2 /2 is again a normally hyperbolic operator we conclude that [38] 
Similar to the vector case, we will also derive this relation as a Ward identity for the free quantum theory in Sec. III. Note that while certain states (i.e., Wightman functions or Feynman propagators) for fields of negative mass might be ill-behaved, the retarded/advanced Green's functions are completely well-defined. For example, in de Sitter space where Λ > 0 the scalar Wightman function is infrared-divergent for the natural BunchDavies vacuum state for all m 2 ≤ 0 (which includes m 2 < 0), while in the retarded Green's function the problematic infrared divergence cancels out (see, e.g., Ref. [39] ).
The graviton Green's function for general ξ and ζ
In the general case where either ξ or ζ (or both) are different from 1, again inspired from the flat-space Green's function
5
, we consider the combination 5 See, e.g., Refs. [40] [41] [42] and use the formula 
with unknown functionsG νβ ′ ,G 1 andG 2 . This combination satisfies
ifG νβ ′ ,G 1 andG 2 fulfil the conditions
where we defined
Since P
has unique retarded and advanced Green's functions, we infer thatG
µνα ′ β ′ , and can calculate the right-hand sides of these conditions using the relations (30), (45) and (48) . It is then easy to check that Eqns. (51) and (52) are fulfilled if
By a straightforward but lengthy calculation, we find a solution of these latter conditions in terms of (mass derivatives of) vector and scalar Green's functions, and replacing those solutions into the ansatz (49), we find that the retarded or advanced Green's function for the graviton in a general linear covariant gauge takes the form
Lastly, we also want to give expressions for the trace and divergence of the graviton Green's function in the general gauge ξ, ζ = 1. Using the relation (45) for the trace of the graviton Green's function in the gauge ξ = ζ = 1, the divergence of the vector Green's function (23) and its mass derivative, the equations satisfied by the scalar Green's function (16) and its mass derivative (18), we find
Now using also the relation (48) for the divergence of the graviton Green's function in the gauge ξ = ζ = 1 and the mass derivative of the vector Eq. (20) we find
Special gauges and vanishing cosmological constant
Let us elaborate here on the form of the graviton Green's function (55), the trace identity (56) and the divergence identity (57) for special values of the gauge parameters and for the case with a vanishing cosmological constant. ξ → 1: This limit is clearly seen to be regular for all three identities and will make some of the terms in those expressions vanish. ζ → 1: While the trace identity (56) is clearly regular in this limit, the regularity of the other two identities is not apparent, since from the definition (53) we have
for ζ → 1. However, the mass terms always appear in the combination
which remains regular as ζ → 1, and it follows that the Green's function is given by
while trace and divergence are
and the identities (45) and (48) are clearly recovered in this limit. ζ → 0: In this limit, M → 0 and the trace of the Green's function vanishes
ξ → 0, ζ → ∞: In this limit, M → m 2 /2 and the trace term in the gauge-fixing action (37) disappears. We have
In view of vanishing of the divergence of Green's function, we can call this gauge generalized Landau gauge.
In this gauge, the Green's function decomposes into two parts
where the "spin-2" part
is transverse and traceless,
as can be checked using the trace (56) and divergence identities (57) . This gauge is used in AdS/CFT calculations [30] .
Λ → 0: At first sight, this limit might seem divergent since both M 2 and m 2 vanish in this limit. To show that the limit actually exists, we expand around zero mass
and the analogous equations for M
2
, and obtain [using also the definitions of m 
The potentially divergent terms cancel out in the full Green's function, and it follows that
In flat space where in addition R µνρσ = 0, this coincides with well-known results (see footnote 5 on page 6).
III. WARD IDENTITIES
As mentioned in the previous sections, the relations (30), (56) and (57) can be derived as Ward identities of the free quantum theory. For the divergence relations (30) and (57) , this has already been noted previously [15, 45, 46] , and in this section we show how to derive all three identities in the framework of BRST quantization of gauge theories. A mathematically rigorous formulation of BRST quantization in the algebraic approach to quantum field theory on curved spacetimes has been given in Refs. [37, [46] [47] [48] , but we only need some basic facts which we state in the following.
A. Massive vector boson
In the BRST formalism, one introduces in addition to the vector field A µ fermionic ghost and antighost fields c andc, and an auxiliary bosonic (Nakanishi-Lautrup) field B. For a massive (Proca) vector field, the theory is not a gauge theory, and one must add an additional auxiliary scalar field φ, known as Stueckelberg field [15, 49, 50] . The full action then reads
with
which completely decouples from the rest of the theory.
In the massless limit, we recover the gauge-fixed action of a free gauge vector in the BRST formulation, and we can also obtain the original massive theory in the gauge φ = 0. Furthermore, in the limit ξ → ∞ in which the differential operator P µν m 2 ,ξ gives the Proca operator (2), both the scalar and the ghosts become infinitely massive and drop out of the physical spectrum, such that the Proca theory is recovered.
It is now straightforward to check that S is invariant under the action of the free (linearized) BRST differential s 0 , which is a nilpotent (s 2 0 = 0) fermionic differential acting according to
We see that s 0 generalizes the gauge symmetry to include the additional fields, replacing the gauge parameter with the ghost field. In the interacting classical theory, i.e., the full non-Abelian Yang-Mills(-Higgs) theory, the full nonlinear BRST differential s extends this action while remaining nilpotent, and in the quantum theory, one needs to extend it further to a quantum BRST differential q = s + O( ) [48, 51] . The observables in the quantum theory are then the interacting fields and composite operators invariant under the action of q, but here we restrict to the free quantum theory and only need s 0 . A general Ward identity then reads
where |ψ is a Hadamard state, T is time-ordering, O i are field operators (including composite operators, which in the free theory are local and covariant Wick powers defined with respect to a Hadamard parametrix), and ǫ i is the Grassmann parity of O i . The free quantum fields have the following Feynman propagators in a Hadamard state |ψ :
ψ|T c(x)c(x
and analogously the Wightman functions G + are given by the same formulas without the time-ordering T . The retarded Green's functions can then be recovered from these according to the relation (7):
. Alternatively, one can consider the purely algebraic covariant (anti-)commutators
{c(x),c(x
[B(x),B(x
where
) is called the causal propagator or Pauli-Jordan function. This would be more in line with the spirit of the algebraic approach to quantum field theory, where one constructs the algebra of free or interacting quantum fields first (including renormalization), and worries about states and expectation values afterwards. Let us again denote the right-hand sides by an unspecified "G".
We then use the identity
(or the commutator of those fields), which gives
which is relation (30) . Note that derivatives are taken outside the time-ordered product, which is in accordance with the algebraic approach [25, 26] , and with path integral calculations (where it is sometimes called T * product). One might also wonder if it is necessary for the scalar φ and the ghosts to have the same propagator (74); this follows by expanding the Ward identity 0 = ψ|
B. Graviton
For the graviton, both ghost and antighost as well as the auxiliary field obtain a Lorentz index, and the free BRST differential acts as
The BRST-extended action reads 
where the propagator (81b) is the vector one with the specified mass and gauge parameter, and the analogous expressions for the commutators. To derive the divergence relation (57), we expand the Ward identity
and obtain
Using the trace identity (56) to replace the second term and the relation (29) between the vector Green's function in different gauges, the divergence identity (57) follows.
Since the gauge symmetry of the free classical theory h µν → h µν + 2∇ (µ v ν) arises from linearized diffeomorphisms, the divergence identity in the form (83) is the Ward identity associated to diffeomorphisms (and the c µ are the diffeomorphism ghosts). Similarly, the trace identity (56) would be the Ward identity associated to linearized Weyl transformations h µν → h µν + g µν w, but this is not a (gauge) symmetry of the original action S (0) (36) . To derive it, we thus again need to consider an extended theory with an additional compensating scalar field φ, which transforms under linearized Weyl transformations as φ → φ + (n − 2)w, and whose action is obtained from the original action S (0) (36) by replacing h µν → h µν − 1/(n − 2)g µν φ. This theory is now invariant under linearized Weyl transformations, and to gauge fix this new symmetry we add a (Weyl) ghost d, antighost d, and auxiliary field F . The gauge-fixed extended action S ′ then reads
where now
The free BRST differential acts according to
with the action onc µ , c µ and B µ unchanged from (78), and again s 0 S ′ = 0. The Feynman propagators for h µν andB are unchanged, while the others now read
To derive the trace relation (56), we expand the identity
which coincides with Eq. (56). While we had previously derived the divergence and trace identities only for the (retarded or advanced) Green's functions, their derivation as Ward identities means that they also must hold for Feynman propagators, and in general for the state-dependent correlation functions if the theory is to be consistent. This is obviously a much stronger requirement, and further complicates the already intricate issue of the construction of Hadamard states in general curved spacetimes. However, once states have been found in one particular gauge of the family of linear and covariant gauges that we study in this paper, one can obtain states that fulfil the divergence and trace identities for the whole family by relating the Wightman functions or Feynman propagators in the same way as the Green's functions (29) , (33) and (55).
IV. HADAMARD EXPANSION
As explained in the introduction, the Wightman function for a scalar field in any Hadamard state in four dimensions has the form [27, 32] 
with f and f ′ being (unspecified) smooth functions. In fact, this is the definition of a parametrix for a general differential operator [27, 28] . The Hadamard parametrix H F m 2 for the Feynman propagator is obtained from Eq. (11) using the Feynman prescription σ ǫ = σ+iǫ. This parametrix is a bisolution modulo a smooth remainder to the inhomogeneous equation: 6 The prefactor is again a matter of convention.
where again f and f ′ are smooth functions. Similarly, one can define advanced, retarded, Dyson (anti-Feynman) Hadamard parametrices, which coincide with the respective propagators/Green's functions up to a smooth remainder in any normal geodesic neighborhood. Those involve the same biscalars U m 2 and V m 2 , but differ in the type of iǫ prescription needed near σ = 0 to properly define them as distributions, and one can use the relations (10) to relate them. In the following, we will work with the general form (11) , and the analogue for vector and tensor fields, and for notational convenience drop the subscript ǫ on σ. Furthermore, we will denote a generic Green's function or two-point function by G.
A. Scalar field
It is well known that the biscalars U m 2 , V m 2 and W m 2 possess an asymptotic expansion as x → x ′ , of the form
with smooth biscalars U 
with the van Vleck-Morette determinant [1, 33] ∆(x,
and the recursion relations
with the differential operator
subject to the boundary condition
Again it is seen that U m 2 and V m 2 are completely determined geometrically, while for W m 2 the first coefficient is an arbitrary solution of the free Klein-Gordon equation
which encodes the state-dependence of the two-point function. Imposing smoothness, there is a unique solution to the recursion relations (96) for which the coefficients are symmetric [52] . This solution can be given explicitly as an integral in Riemannian normal coordinates, but in the following we only need that the unique smooth solution to Q k f = 0 is f = 0, from which it follows in particular that the V (k) m 2 are polynomials of order k + 1 in m 2 [52, 53] . For completeness, we give an explicit solution in Appendix A.
Mass derivatives
Since the Green's functions for vector and tensor fields in a general gauge (29) , (33) and (55) also involve mass derivatives, we need to calculate the corresponding coefficients of the Hadamard expansion. As explained previously, certain states (i.e., Wightman functions or Feynman propagators) might be ill-behaved for certain ranges of the mass parameter, and the same applies to their mass derivatives. However, this problem does not arise for the retarded or advanced propagators (which are stateindependent), and is thus confined to the W biscalar. In the following, we will also present formulas for the coefficients W 
whereV andŴ have the asymptotic expansionŝ
They fulfil the recursion relations
with the boundary condition
For later use, we now show by induction that for all
Take first k = 0, which by the recursion relation (102) and the boundary conditions (98) and (103) fulfils
(1)
Therefore,
and the unique solution of this first-order differential equation which is smooth vanishes [52] . Assume now that k ≥ 1, and that the relation (104) has been shown up to order k − 1. Applying the differential operator Q 2k+4 on Eq. (104) and using Eq. (102), we obtain
By the induction hypothesis we haveV
, which using Eq. (96) leads to
Again, the unique smooth solution of this first-order differential equation vanishes, and we obtain Eq. (104). However, no similar relation exists for theŴ
Similarly, for the second mass derivatives we havê
with (sinceV
m 2 is mass-independent, the first coefficient
the recursion relations
Moreover, taking a mass derivative of Eq. (104) we obtain for all k ≥ 1
Since the coefficients V
, one can also derive formulas which relate coefficients for different masses. The easiest way to obtain those is to expand around zero mass
and then use the relations (104) and (114) and their generalizations to higher mass derivatives, together with the boundary conditions (98), (103) and (112) and their generalizations to higher mass derivatives. Later on we will need these expressions for k = 0, 1, 2, where we obtain
B. Vector field
The vector Green's function and the local Hadamard parametrix in Feynman gauge ξ = 1 have been studied quite extensively in the literature, see e.g. Refs. [1, [54] [55] [56] [57] [58] . In this gauge, the Hadamard expansion takes the form [ 
where the same assertions as in the scalar case apply. In particular, the functions U , V and W are smooth symmetric bitensors possessing an asymptotic expansion of the form
and imposing the equation of motion (20) outside of coincidence and comparing manifest powers of σ, they fulfil the recursion relations
with the boundary conditions
and W 
For a general gauge, the retarded or advanced Green's functions are given by Eq. (29) in the massive case and Eq. (33) in the massless case, which completely determines the U and V coefficients and thus the Hadamard parametrix; we assume that the relation between the Wightman function or Feynman propagator in different gauges is also given by Eqns. (29) and (33), which then also determines the W coefficients. Using the Hadamard expansion of the scalar propagator (11) and taking into account that the first coefficient U (0) m 2 is massindependent, it then follows that their Hadamard expansion is given by
with the asymptotic expansions
are obtained by inserting the expansions (117) and (8) into Eq. (29), performing the derivatives and comparing manifest powers of σ. Using also the mass expansion (116), this gives
where to shorten the resulting expressions we have defined
and the lengthy expressions for the W coefficients are given in Appendix B.
We note the appearance of a term proportional to σ term. However, the presence of σ ν σ β ′ in the numerator of this term reduces the strength of the singularity, which in a mathematically precise way is captured by the scaling degree or degree of divergence (scaling degree minus spacetime dimension) [59, 60] . Near coincidence, we have σ(x, x
, which upon a rescaling {x/x ′ } → λ{x/x ′ } is rescaled by a factor λ 2 , and σ −1 has thus scaling degree 2 and degree of divergence 2 − 4 = −2. Since the degree of divergence is negative, σ −1 (with any ǫ prescription) is already well defined also at coincidence, i.e., the limit ǫ → 0 exists after smearing with arbitrary test functions whose support contains x = x ′ (see, e.g., Refs. [24, 26, 46] ). Similarly,
) ν near coincidence which scales with a factor λ. Therefore, the degree of divergence of σ ν σ β ′ /σ 2 is also −2 < 0, and this term is again already well defined at coincidence for any ǫ prescription.
One might still wonder why this case is different from the Hadamard expansion of the product
where also terms proportional to σ −2 appear. There, such terms must in general be renormalized depending on the concrete type of Green's function/Wightman function/propagator. For example, for the Feynman prescription σ + iǫ we have (σ + iǫ) −2 , which is not a well-defined distribution in four dimensions. However, in our case this term comes from taking a derivative of σ −1 , which is welldefined for any prescription as a distributional derivative. For example, for the Feynman prescription σ + iǫ we take a derivative of the relation (10) and obtain
where the right-hand side is a well-defined distribution in four dimensions, and the left-hand side is how σ −2
in the Hadamard expansion (122) (with Feynman prescription) should be understood. The higher negative powers of σ which appear for the graviton are defined analogously.
The massless limit can be taken easily using the expansion (115) (and its analogue for the W coefficients, which we assume to exist as explained above). Using also the relations (103) and (104) we obtain
and the expressions for the W coefficients are again given in Appendix B. Of course, these expressions are identical to the ones that would be obtained by inserting the Hadamard expansion ofĜ 0 (100) into the massless vector propagator (33) .
Mass derivatives
For use in the graviton case, we also need the mass derivative of the vector coefficients. In Feynman gauge ξ = 1, we take a mass derivative of the recursion relations (119) and obtain
. In a general gauge, the mass derivative of the vector coefficients is easily computed by taking a mass derivative of the general Hadamard expansion (122). Since many terms are mass-independent, their derivative vanishes and we obtain
(137) Using the relations (130) and (132) for the mass derivative of the Feynman gauge vector coefficients, (103) and (104) for the mass derivative of scalar coefficients, and (116) for different masses, one can compute these coefficients, and we delegate the lengthy expressions to Appendix B.
Let us here make a remark on the singular nature of the Hadamard expansion of the vector propagator. Naively, one might expect that the Hadamard expansion (122) of the vector Green's function in the general gauge ξ = 1 contains a term proportional to σ −3 , arising from two derivatives acting on the term proportional to σ is again mass-independent (124), and thus the Hadamard expansion of the mass derivative of the vector Green's function (136) has only σ −1 as its most singular term.
C. Tensor field
In the analogue of Feynman gauge ξ = ζ = 1, we have the Hadamard expansion [8, 35] 
where the same assertions as in the scalar and vector case apply. In particular, the functions U , V and W are smooth symmetric bitensors possessing an asymptotic expansion of the form
Requiring G 1,1
ρσα ′ β ′ = 0 outside of coincidence, they fulfil the recursion relations
and W
1,1(0)
µνα ′ β ′ is an arbitrary smooth solution of the equation of motion P
To obtain the Hadamard expansion in the general gauge ξ, ζ = 1 we have to insert the expansions (8), (100) and (136) for the scalar and vector Green's function and their mass derivatives in the general gauge Green's function (55) , using also the relations (132), (103), (116) and (141) 
where similar to the vector case the expansion of U ξ,ζ now contains negative powers of σ, namely have the usual asymptotic expansion
We obtain
and (for k ≥ 1)
with the abbreviations
Again, we have delegated the even lengthier expressions for the W coefficients to Appendix B. Similarly to the vector case, the general-gauge graviton Green's function (55) is less singular than one would naively expect. Since the coefficient U (0) m 2 of the most singular term in the Hadamard expansion of the scalar Green's function (11) is mass-independent, the term proportional to σ −1 disappears both from the difference of scalar Green's functions and their mass derivative in Eq. (55), leaving the logarithmic term ln(µ 2 σ) as the most singular. Because four derivatives act on it, one would expect a term proportional to σ −4 in the Hadamard expansion (142) for a general gauge. Nevertheless, the coefficient of this term turns out to vanish (145), and the most singular term is proportional to σ −3 . So far, the reason for this cancellation is unclear.
D. Generalization to n dimensions
Since already in four dimensions the formulas for the Hadamard expansions in general gauges (in particular the state-dependent W coefficients) become quite complicated, we only indicate how one proceeds in n = 4 dimensions. To actually calculate the coefficients themselves, and in addition their covariant expansion that is needed to calculate the expectation values of composite operators, the use of a computer algebra system is highly recommended [61] .
Scalar field
In n dimensions, the Hadamard expansion for a scalar field has the form (see, e.g., Ref. [11] )
where the constant c n is given by
and the asymptotic expansion of the biscalars {U/V /W } m 2 is of the form . The recursion relations (96) now read
with the Klein-Gordon operator P m 2 (5), and must be solved with the boundary conditions
in n = 2 dimensions, 
Tensor field
In the gauge ξ = ζ = 1, we again have the direct generalization of the scalar formula for the propagator: 
where 
in n > 2 dimensions,
in even dimensions greater than 2, and , it is again possible that as in four dimensions its coefficient may vanish.
V. OUTLOOK
We have studied vector and tensor Green's functions in different linear covariant gauges, derived divergence and trace identities and calculated their Hadamard expansions. Although the classical gauge theories are clearly independent of the choice of gauge fixing, the issue of gauge-fixing independence at the quantum level is technically much more involved (see, e.g., Ref. [45] for a proof of the independence of the stress tensor of the gauge parameter for electrodynamics). A suitable formalism to study these issues is BRST quantization, where classical observables are invariant under the action of the (classical) nilpotent BRST differential s, which generalizes the gauge symmetry to the additional fields introduced in the BRST formalism as explained in Sec. III. Furthermore, two observables are identified if they differ by an s-exact term, such that one needs to study the cohomology of s. At the quantum level, the BRST differential needs to be extended to a quantum BRST differential q [48, 51] , which differs from s by corrections of order (and higher), and the (renormalized) observables are in the cohomology of q. Formally, the independence of the correlation functions of these observables from the choice of gauge fixing follows from the BRST invariance of the full action S including counterterms sS = 0, in a regularization scheme where q = s (such as dimensional regularization). To prove this independence rigorously, which can be done in the framework of algebraic quantum field theory on curved spacetimes, it is of course necessary to first construct the theory for different choices of the gauge fixing. To construct the algebra of (composite) field operators in the free theory, one needs to know the Hadamard parametrix in order to define local and covariant Wick powers, and to construct the interacting algebra one needs to know the retarded Green's functions, both of which we provide in this work for the class of linear covariant gauges. It then turns out that the cohomologies of q for two different gauges are isomorphic [62] , i.e., there is a one-to-one map between observables calculated in two different gauges.
The explicit solution to the recursion relations (96) can be given in Riemann normal coordinates. For this, we first rewrite the differential operator Q k (97) in the form
Riemann normal coordinates are such that the geodesics from x ′ to x are straight lines:
It follows that σ is given by
We thus obtain that the unique smooth solution of Q k F = J is given for all k > 0 by
The recursion relations for the scalar Hadamard coefficients (96) can now be explicitly solved and read
and the boundary condition (98) for V (0) m 2 can be written as
For the vector and tensor coefficients we obtain similar expressions.
